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There is an increasing desire to monitor and control hydraulic systems in an autonomous and battery-free manner. One solution to this challenge is to harvest hydraulic pressure ripples and noise by exploiting the piezoelectric effect. This paper develops a new generalized model of a hydraulic piezoelectric harvester based on a circular edge-clamped flat plate interface with a central piezoelectric stack. Such a model allows the relationships between harvesting performance and structure to be assessed in detail. It is demonstrated that the force-deflection relationship of a circular edge-clamped plate with a central lumped mass follows a cubic hardening Duffing equation. A single degree of freedom (SDOF) lumped-parameter model of the system is established where the nonlinear frequency response resulting from hardening nonlinearities are explored. The input mechanical energy and the output electrical energy both exhibit a quadratic nonlinear relationship with vibration amplitude. The maximum output occurs at the jump-down frequency and the overall energy conversion efficiency of the system is determined. The optimum resistance load for maximum output energy and energy efficiency are obtained with non-dimensional excitation frequency. Experimental validation of power is performed, with good agreement is observed between model results and experimental measurements. The developed model provides important insights into the optimization of power output and response of future hydraulic energy harvesting devices.





Energy harvesting technologies are a promising alternative to conventional battery technologies since they are able to provide sustainable electric power for low-power electronic devices; these include autonomous wireless sensors and portable electronic devices [1-3]. Within hydraulic systems, there is an increasing need for continuous monitoring, such as pressure, temperature and vibration, and a desire to reduce cost of battery replacement and management. As a result, the ability to exploit the piezoelectric effect and harvest acoustic pressures from hydraulic pressure ripples has received increasing attention, for applications such as automotive suspension systems [4-6], industrial pumps [7] and energy-harvesting shock absorbers [8, 9]. Acoustic noise in hydraulics is often an undesirable consequence of the operation of pumps and actuators, and is generated in almost all pressurized fluid systems [10]. Generally, this undesired energy is attenuated using noise filter devices. However, it has been recently shown that by employing hydraulic pressure energy harvesters, the acoustic noise in the fluid can be converted into electrical energy to enable battery-free operation of low-power and self-powered sensor nodes in hydraulic systems [9, 11].

Hydraulic pressure energy harvesters (HPEH) convert acoustic pressure within hydraulic systems into electric energy. Energy conversion is often achieved via axial excitation of a piezoelectric stack through a fluid to mechanical interface. The generated voltage and electrical power of the HPEH is dependent on the amplitude and frequency of the pressure ripple, the dynamic fluid-structure interaction of the interface and the properties of the piezoelectric material. Generally, the dominant frequency components of pressure ripples are relatively low, namely in the range of hundreds of hertz [12-14], which is typically well below the fundamental resonance frequency of the piezoelectric element, which are in the order of tens of kHz. Therefore, under such ‘off-resonance’ conditions a Helmholtz resonator has been employed in an effort to improve energy harvesting efficiency. The Helmholtz resonator is a commonly used device that amplifies pressures over a narrowband and has been incorporated into acoustic energy harvesting devices to amplify pressure fluctuations and thereby increase the force applied to the piezoelectric stack [15, 16]. However, a traditional Helmholtz resonator needs to be large or the neck needs to be narrow to operate at sufficiently low frequencies. This remains a challenge to accommodate within any energy harvesting system with a small volume, and the need for a narrow neck leads to poor gain. To date, significant effort has been expended to improve the performance of traditional Helmholtz resonator for applications with pressure fluctuations through a variety of approaches, which include the design of the cavity shape [17, 18], modifying the architecture of the resonator neck [19, 20], and adding acoustic materials within the cavity [21]. 

The fluid to mechanical interface is another important component of a HPEH. The interface acts to convert the acoustic pressure into a mechanical force to deform the piezoelectric stack, while protecting the piezoelectric material from the fluid. The force-coupling behavior and deformation mechanisms at the interface are important factors that determine the output energy, bandwidth and conversion efficiency of the HPEH. Compared to the relatively large number of studies on the structural design of the Helmholtz resonator to improve the energy harvesting efficiency, the fluid to mechanical interface has yet to be studied in detail. The publications to date in this area are restricted to Aranda et al. [22], who analyzed the force transmission efficiency of flat-plate-interfaces for a range of dimensional configurations and pressure loads using finite element simulations. They provided an investigation of the force transmission ratio of two different types of fluid to mechanical interfaces for a flat metal plate and a conventional hydraulic piston, using an experimental setup with tunable ripple frequencies and amplitudes [23, 24]. In their studies, the force transmission efficiency was defined as the ratio of the normal force on the piezoelectric stack to the force acting on the exposed interface area of the harvester. Although the force transmission characteristics of hydraulic pressure energy harvesters, such as frequency and amplitude of the pressure ripple, have been presented for a range of system parameters, the results to date have been restricted to specific experimental HPEH devices. As a result, a general theoretical model and the interface mechanisms of the fluid to mechanical interface are essential to understand the output performance of future HPEH devices and therefore optimize their operation. 

In this paper, a new theoretical model of a circular edge-clamped flat plate, and its interface within a HPEH device, is established to study the output electrical energy and energy conversion efficiency of the system. Such a configuration is selected since is the most commonly used fluid to mechanical interface in the hydraulic piezoelectric harvesters [18, 24]. The force-deflection relationship of a circular edge-clamped flat plate with a central lumped mass attachment is obtained and a cubic hardening nonlinear behavior is observed. The reaction force between the piezoelectric stack and housing is derived and a SDOF lumped-parameter model of the electromechanical coupling system subjected to harmonic excitation is established. The harmonic balance method is used to obtain the solutions. The nonlinear frequency responses resulting from hardening nonlinearities are presented and the input mechanical energy and the output electrical energy of the electromechanical coupled system of a flat plate interface-piezoelectric stack are studied in detail. The expression of energy conversion efficiency of the system, which is defined as the ratio between output electrical energy to input mechanical energy, is then derived. Ultimately, the analysis provides a new generalized model that enables optimization of HPEH output and efficiency. 

2. Dynamic modelling of the interface system
2.1 Model description
The general structure of a hydraulic pressure energy harvester is shown in Fig. 1. A thin metallic flat circular plate, with thickness h and radius R, is used as the fluid to mechanical interface to isolate the fluid from the piezoelectric stack. The piezoelectric stack is located at the center of the circular plate, which acts as the mechanical to electrical transfer component. The hydraulic pressure, p(t), arising from the pressure ripple is applied on the plate, which bends the circular plate and compresses a lead zirconate titanate (PZT) piezoelectric multi-layer stack that is constrained by the housing. The piezoelectric stack then generates a voltage and charge and generates electrical energy due to the force-induced strain. 

    (a)
           
    (b)
Fig. 1 (a) Schematic (​javascript:;​) of the HPEH device with piezoelectric stack (b) model of a circular edge-clamped flat plate interface with a central piezoelectric stack in the HPEH device.

To increase the force transmission efficiency at the interface, the thickness of the plate is often thin, typically in the order of micrometers [18, 23]. For example, the thickness of the flat metallic shim is 100μm in [18], and the investigated plate thickness is in the range of 25μm to 100μm in [23]. The mass of the plate is much smaller than the piezoelectric stack and the coupling system behaves as a circular plate with clamped edges and a concentered mass in the center. The dynamic force applied on the plate due to a pressure ripple is assumed to be harmonic with, where F is the amplitude and ω is the frequency in radians per second, taking the advantage of the periodic nature of pressure ripple in hydraulic systems [25, 26]. The electromechanical coupling system of the interface plate and the piezoelectric stack can be modeled as an equivalent lumped-parameter SDOF dynamic system, as shown in Fig. 2.

Fig. 2 The equivalent lumped-parameter SDOF model of the electromechanical coupling system.

The dynamic equations of the electromechanical coupling system can be written as
                (1)
                        (2)
where m is the equivalent mass, cd is damping, Cp is the piezoelectric internal capacitance, Rr is the external resistance, θ is piezoelectric coupling factor, V is the output voltage over the piezoelectric stack, Fr is the reaction force on the piezoelectric stack from the upper housing, f(z) is the elastic restoring force of the electromechanical coupling system, namely the force-deflection relationship at the center of the circular plate. It can be seen that expressions of the elastic force-deflection relationship f(z) and the reaction force Fr are necessary to establish the dynamic motion equations.

2.2 Elastic restoring force of the electromechanical coupling system
For a circular plate with a small deflection, where the maximum deflection is less than half the plate thickness, the force-deflection relationship at the center of the plate follows a linear relationship as [27]
                       (3)
where E, ν, h, R are the Young’s Modulus, Poisson’s ratio, height and radius of the plate, respectively, and z is the vertical deflection at the center of the plate. 

However, when there is a large degree of deflection of the plate, where the maximum deflection exceeds half the plate thickness, membrane effects become significant and the theory of small deflections becomes inaccurate. In this case, the force-deflection relationship at the center of the plate follows a non-linear relationship as [28]
                 (4)
where the first linear term represents the bending effect and the second nonlinear cubic term represents the membrane effect. Fig. 3 shows a plot of both the force-deflection relationship for only small deflection bending effects and the combined effects of bending with membrane effects during large deflections. When the deflection z/h = 0.5, the membrane effect is approximately 12.2% of the bending effect. When z/h > 0.5, Fig. 3 shows greater differences between the force-deflection characteristics. For example, when the deflection increases to z/h = 1, the membrane effect becomes approximately 48.8% of the bending effect and the nonlinear term becomes significant and the bending and membrane effects are almost the same (50% each) when z/h = 1.2.  

Fig. 3 Non-dimensional force-deflection relationship at the center of the circular plate for the bending effect (small deflection) and the combined effects of bending with membrane (large deflection).

The force-deflection relationship at the center of the plate can be rewritten as  
                         (5)
where

It can be seen that the force-deflection relationship at the center of the plate is in the general form of a spring force in a hardening Duffing oscillator, which consists of a non-linear cubic stiffness and a linear stiffness. The nonlinear spring constant is positive with k3 > 0. The reaction force on the piezoelectric stack is now examined.

2.3 Reaction force on the piezoelectric stack from the housing
The piezoelectric stack is constrained by the housing to generate a compressive strain. The reaction force on the piezoelectric stack from the upper housing is in equilibrium with the normal force between the piezoelectric stack and the interface plate. Therefore, the normal force acting between the piezoelectric stack and the interface plate due to the deflection is firstly derived. In accordance with Ref. [27], the governing equation defining the deflection of the plate is given as
                   (6)
with the boundary conditions 
                 (7)
where w is the vertical deflection of the plate, r is the radial position, R is the radius of the plate, Qr is the applied load, D is the bending stiffness of the circular plate with
                            (8)
where h is the thickness of the plate, ν is the Poisson’s ratio. For a circular plate with a clamped edge under both a concentrated center force and uniform pressure, the shear force at position r of the plate can be expressed as
                  (9)
where Fr is the normal force acting between the piezoelectric stack and the interface plate due to the deflection, Pm is the amplitude of the pressure. 

Substituting the shear force into Eq. (6), the governing equation can be rewritten as
                 (10)
The solution is obtained as
                     (11)
where w1(r) is the deflection due to the concentrated center force, w2(r) is the deflection due to the uniform distribution force. Combining the boundary conditions, the total deflection of the plate can be expressed as
         (12)
In particular, the maximum defelction occurs at the center of the plate and is obtained as
                     (13)
The vertical deflection of the plate and the piezoelectric stack are identical at the plate center, therefore equating the vertical deflection results in the equation 
                     (14)
where Ks is the compressing stiffness of the piezoelectric stack with 
                          (15)
and Es, As, hs are the Young’s Modulus, area and height of the piezoelectric stack, respectively. The normal force acting between the piezoelectric stack and the interface plat can be obtained as
                     (16)
where  is the amplitude of force acting on the plate from the hydraulic pressure. The reaction force on the piezoelectric stack from the upper housing is in equilibrium with the force Fr, which is necessary to determine the overall excitation force on the coupling system. This enables the dynamic behavior of the system to be determined in the following section. 

3 Dynamic behavior of the electromechanical coupling system
The dynamic behavior of the system is examined in this section. On substituting Eq. (5) and Eq. (16) into Eq. (1), the dynamic equations of the electromechanical coupling system can be written as 
              (17)
                        (18)
where the force coefficient γ, arising from the housing constraint is expressed as
                    (19)
Substituting Eq. (8) and Eq. (15) into Eq. (19), the force coefficient γ can be rewritten as
                    (20)
For the HPEH, the thickness of the plate is in the micrometer range, which is much smaller than the radius, so that, and.

By introducing the following non-dimensional parameters


The non-dimensional dynamic equations can be rewritten as 
              (21)
                              (22)
Assuming the solution has the form 
                       (23)
                      (24)
Substituting Eq. (23) into Eq. (21) and neglecting the higher order harmonics term containing  leads to the equation
(25)
Equating the coefficients of  and  in the two sides of Eq. (25), leads to the equations
         (26)
          (27)
Substituting Eq. (24) into Eq. (22) leads to the equation
         (28)
Equating the coefficients of  and  in two sides of Eq. (28), it is solved
      (29)
Combining Eq. (29) with , the relationship between the voltage amplitude of the piezoelectric stack and the displacement amplitude is obtained as
                        (30)
Substituting Eq. (29) into Eq. (26) and Eq. (27), and combining the equations with  leads to the solutions 
                                           (31)
                (32)
and the frequency-amplitude relationship of the system can be obtained as
      (33)
Equations (30), (31) and (33) are now used in the following sections to determine the input mechanical energy for the system and electrical energy consumed by an external load resistor, which defines the output electrical energy, and the frequency response of the coupled system.

3.1 Frequency responses
As the system behaves as a hardening nonlinear system, jumps in the frequency response curves should be evident for a sufficiently strong excitation or nonlinearity [29, 30]. The frequency-amplitude relationship of the system Eq. (33) can be expanded and arranged as 
    (34)
In a convenient notation, Eq. (34) is written as a cubic equation in the square of the amplitudeas
                        (35)
where  and

Making the transformation  yields the normal form
                          (36)
with

and the discriminant A is then given by
                          (37)
The original cubic equation Eq. (35) has three real solutions if  and only one if . The bifurcation points, which are the jump up frequency Ωu and jump down frequency Ωd, are therefore obtained by solving the equation A=0 with real solutions. 

For discriminant A > 0, which corresponds to the Ω < Ωu, the solution of Eq. (36) can be obtained as
                   (38)
For discriminant, which corresponds to Ω > Ωu, the three real solutions of Eq. (36) can be obtained as
                         (39)
                     (40)
                     (41)
with

In the three real solutions, the solution y3 is the unstable solution of the nonlinear system. Equations (38)-(41) are used to plot the frequency response curves of the electromechanical coupling system. 

Fig. 4 shows the frequency response of the electromechanical coupling system for three different degrees of nonlinearity with α = 0.001, 0.002 and 0.005. The values of nonlinearity are chosen to be beyond the threshold required for the jump phenomenon to occur for a hardening Duffing oscillator [29]. The other parameters used in calculations are, which are in the typical range of general parameters for a piezoelectric energy harvesting system [31]. The jump-up and the jump-down frequencies determined by solving Eq. (37) with A = 0 for real solutions and the corresponding responses are also plotted. The system exhibits significant nonlinear behavior of multi-valued solutions in all three cases. The solid line represents the stable solution and the dashed line represents the unstable solution. Jump phenomenon occurs for the multi-valuedness of the response and it can be seen that the multi-valued region, where the bandwidth of the response increases as the nonlinearity increases, corresponds to conditions of (i) a larger force amplitude, (ii) a thinner plate or (iii) a larger plate radius. However, the maximum displacement decreases as the nonlinearity increases, as well as the jump-up and jump-down frequencies. 

Fig. 5 shows plots of bandwidth versus the system parameters, where the bandwidth is calculated with the formulation proposed by Ramlan et al. [32] as ΔΩ = Ωd-Ωh, where Ωh is the frequency of the half-power point for the stable response, Ωd is the frequency at which the maximum response occurs, i.e. jump down frequency. A point to note is that the bandwidth increases monotonously with the degree of nonlinearity, while it decreases with an increase in the damping and piezoelectric coupling coefficient. However, the bandwidth varies non-monotonously with load resistance. A minimum bandwidth is observed when the non-dimensional load resistance β = 1.8 for the calculated parameters. In practical applications, the influence of the hardening nonlinearity mechanism associated with the HPEH may be reduced when the system is not driven on the resonant branch, namely in the region between the jump-up and jump-down frequencies, if inappropriate initial conditions are applied to the system.

The input and output energies will now be compared in the following to determine optimum power and efficiencies.

Fig. 4 The non-dimensional amplitude (Y) responses versus the non-dimensional frequency (Ω) of the system for different values of nonlinearity. Other parameters are β = 1, ζ = 0.01, κ = 0.1.

   
               (a)                                  (b)
   
               (c)                                 (d)
Fig. 5 Variation of bandwidth with system parameters (a) nonlinearity (β = 1, ζ = 0.01, κ = 0.1) (b) damping (β = 1, α = 0.005, κ = 0.1) (c) piezoelectric coupling coefficient (β = 1, α = 0.005, ζ = 0.01) (d) load resistance (ζ = 0.01, κ = 0.1, α = 0.005).

3.2 Input mechanical energy and output electrical energy
The instantaneous input power into the system can be expressed as
                        (42)  
which can be rewritten as
           (43)  
Recalling Eq. (31), the input mechanical energy per cycle into the system can be obtained as
           (44)
The power consumed by the external resistor is calculated as
                   (45) 
Recalling Eq. (30), the output electrical energy per cycle is obtained as
                         (46)
Introducing the non-dimensional energy

The non-dimensional input mechanical energy and output electrical energy can be obtained as
                    (47)
                       (48)
It can be seen that both the input and output energy exhibit a quadratic nonlinear relationship with the vibration amplitude. Therefore, for a varying excitation condition the maximum output electrical energy occurs at the jump-down frequency, which exhibits a maximum amplitude and is expressed as
                       (49)
Where Ωd is the jump down frequency and Yd is the corresponding amplitude.

Fig. 6 shows the non-dimensional output electrical energy per cycle versus the non-dimensional frequency of the nonlinear system for the three values of nonlinearity in Fig. 4, namely α = 0.001, 0.002 and 0.005. As seen for the amplitude response curves, the output electrical energy also shows significant nonlinear behavior with excitation frequency. As the degree of nonlinearity increases, the maximum output electrical energy decreases while the bandwidth of the output energy increases. This characteristic has also been observed in reported experimental data for nonlinear hardening, bi-stable and monostable modes oscillators [33,34], which showed that the hardening, bi-stable and monostable modes provide a better bandwidth, but a relatively small amount of power.

Fig. 6 Non-dimensional output electrical energy per cycle (Uo) versus the non-dimensional frequency (Ω) of the nonlinear system. Other parameters are β = 1, ζ = 0.01, κ = 0.1.

Fig. 7 shows the maximum output electrical energy per cycle Uom versus the non-dimensional system parameters of nonlinearity, piezoelectric coupling coefficient, damping and load resistance. The frequency and amplitude used in the calculations are the jump down frequency Ωd and the corresponding amplitude Yd. It can be seen that the maximum output electrical energy decreases monotonously with an increase in the degree nonlinearity and damping, while it increases with an increase in the piezoelectric coupling coefficient. Recalling Fig. 5, the power generated by the HPEH could be improved over a wide frequency range by having a large degree of non-linearity and a small damping in the system. However, large values of nonlinearity are associated with low peak power output as the fundamental trade-off between peak power and bandwidth. 

 
                 (a)                                (b)

                                   (c)                                 
Fig. 7 Maximum output electrical energy per cycle (Uom) as functions of system parameters (a) nonlinearity (β=1, ζ=0.01, κ=0.1) (b) damping (β=1, α=0.005, κ=0.1) (c) piezoelectric coupling coefficient (β=1, α=0.005, ζ=0.01). 

Fig. 8 (a) shows the output electrical energy per cycle as a function of load resistance for different excitation frequencies of Ω = 0.6, Ω = 1 and Ω = Ωd. Fig. 8 (b) shows the variation of jump down frequency with load resistance. It can be seen that the load resistance has a significant effect on the output electrical energy. As the load resistance gradually increases, the output energy exhibits a peak value when the electrical impedance of the harvester and the electrical load are similar and then decreases. It is also noted that when the excitation is at the jump down frequency, i.e. Ω = Ωd the system has the maximum amplitude and the output electrical energy shows the maximum. Fig. 8 (b) shows that the jump down frequency also shows a non-monotonous variation with load resistance, similar to that of the bandwidth. A minimum jump down frequency is also observed with the load resistance β = 1.8 for the calculated parameters.
 
                (a)                               (b)
Fig. 8 (a) The variation of output electrical energy per cycle (Uo) with load resistance for different excitation frequencies (b) the variation of jump down frequency (Ωd) with load resistance (ζ = 0.01, α = 0.005, κ = 0.1).

The optimal load resistance for maximum output electrical energy of HPEH can be obtained by setting the differential of Eq. (48) with respect to load resistance to zero; this gives
                     (50)
and the optimal load resistance is obtained as
                           (51)
It can be seen that the optimal non-dimensional load resistance for maximum output electrical energy occurs at the non-dimensional excitation frequency, as that noted in Fig. 8 (a). By noting the definition of non-dimensional load resistance, and using the natural frequency of the system, the optimal load resistance in Eq. (51) is equivalent to the well-known optimal load resistance of unit, i.e. for maximum output electrical power when defined using the excitation frequency. 


3.3 Energy conversion efficiency 
While the electric energy per cycle is relevant to understand the energy generated by the harvester, for example to provide power to a wireless sensor, it is of interest to understand the efficiency of the system. The energy conversion efficiency of the coupled system is defined as the ratio of the net output electrical energy (Eq. (47)) to the net input mechanical energy (Eq. (48)) and can be expressed as
                             (52) 
Equation (52) shows that the energy efficiency of the system is related to the excitation frequency, system damping, electrical load resistance and piezoelectric coupling coefficient; however, it is independent of vibration amplitude. This is because that both the input and output energy exhibit a quadratic relationship with the vibration amplitude, which is eliminated for the efficiency. 

It is also noted that Eq. (52) is similar to the energy efficiency expression obtained by Yang et al. [31] for a linear cantilever piezoelectric energy harvester (CPEH) under a base excitation. The formulation of the energy efficiency obtained in ref [31] is expressed as
                        (53)
It can be seen that energy efficiency of the HPEH with a piezoelectric stack and the energy efficiency of the linear piezoelectric energy harvester are similar, except the force coefficient in Eq. (52) for the HPEH. The force coefficient is attributed to the constraint from the upper housing on the piezoelectric stack, see Fig. 1. Recalling that , the energy efficiency of the HPEH with a piezoelectric stack is therefore always smaller than that of the linear CPEH for the same system parameters and the ratio between the energy efficiencies of the two systems is 9/16. Fig. 9 shows the variation of energy conversion efficiency with excitation frequency and system parameters for both the nonlinear HPEH with a piezoelectric stack and the linear CPEH. It can be seen that the energy conversion efficiency decreases as the excitation frequency and damping increases, while increases as the piezoelectric coupling coefficient increases. 
 
                  (a)                               (b)  
 
                                   (c)
Fig. 9 Energy efficiency as functions of system parameters (a) excitation frequency (β = 1, α = 0.005, ζ = 0.01, κ = 0.1) (b) damping (β = 1, α = 0.005, κ = 0.1) (c) piezoelectric coupling coefficient (β = 1, α = 0.005, ζ = 0.01)

The optimal load resistance for maximum energy efficiency of HPEH can be obtained by setting the differential of Eq. (52) with respect to load resistance to zero, to give
                     (54)
and the optimal load resistance is obtained as
                           (55)
It can be seen that the value of non-dimensional optimal load resistance for maximum energy efficiency also equals to the non-dimensional excitation frequency, as noted in Fig. 10. Recalling Eq. (51), it shows that the optimal non-dimensional load resistances for maximum output electrical energy and maximum energy efficiency are the same for the nonlinear HPEH, which has the value of non-dimensional excitation frequency. This characteristic is different to a base-excited cantilever piezoelectric energy harvesters where the optimal resistance for maximum power output is different to that necessary to obtain the highest efficiency [35, 36]. The force-deflection relationship of the CPEH follows a linear law and is therefore different to the nonlinear cubic Duffing equation at the center of the circular edge-clamped plate of the HPEH. 

It is shown that the optimal power output occurs at th jump-down frequency, whilst systems with low-frequency excitation show high energy efficiency. The high efficiency operating condition does not always lead to maximum power generation. Since the maximum possible power output of the hydraulic energy harvesting devices is of primary interest, it is more reasonable to evaluate energy efficiency at the maximum power output conditions. The use of bandwidth, output electrical power or energy efficiency as a comparitive metric for different HPEH devices is inappropriate, as it strongly depends on geometry, piezoelectric material, vibration excitation and circuit conditions. It is suggested that different metrics are used together to evaluate  and compare the performance of different HPEHs. 

Fig. 10 Predicted variation of energy efficiency with load resistance for different excitation frequencies (ζ = 0.01, α = 0.005, κ = 0.1).

4. Experimental verification
To validate the performance of the proposed model, experiments were conducted to the circular edge-clamped flat plate interface, as shown in Fig. 11. A thin stainless flat plate was clamped circularly and a piezoelectric stack was located at the center of the plate, whose radius was R = 20mm. The thickness of the plate is an important parameter determining the system nonlinearity and the compression strain in the piezoelectric stack, as well as the output voltage and power. Accordingly, two thin flat plates with different thickness of h = 0.2mm and h = 0.5mm were used for the tests to obtain the voltage output and power output relationships with external resistance and to compare with theoretical predictions to verify the analytical model. The piezoelectric stack was subjected to harmonic excitation to represent the harmonic pressure ripple in hydraulic systems. The tested structure was mounted vertically on an electromagnetic shaker (LDS V201) that supplied excitations to the piezoelectric stack. The shaker was vibrated at a specific amplitude and frequency specified by the digital signal generator (Agilent 33220a) whose signal was amplified by a Europower EP1500 amplifier. A strain gauge was attached on the side of the piezoelectric stack to measure the dynamic strain of the stack during operation. The output voltage and strain of the piezoelectric stack with time were collected simultaneously using dynamic data acquisition system (Micro-measurements 8000). The measured strain was used to determine the applied force on the piezoelectric stack, which is necessary for the theoretical dimensional voltage calculation. All experiments were conducted on a vibration isolation platform to reduce unwanted interference.

                                 (a)
              
                   (b)                                 (c)
Fig. 11 The experimental setup (a) diagram of the setup (b) overall photo of the setup frame (c) detailed picture of the interface-piezoelectric stack structure.

The dimensions of the piezoelectric stack were 5mm×5mm×18mm and was based on an active piezoceramic PZT-5A, whose coupling coefficient is κ ~ 0.6 [37]. The variation in static capacitance of the piezoelectric stack with frequency under a free condition is shown in Fig. 12, which shows very small variation for 0.1Hz to 104Hz, with no observable electro-mechanical resonance of the piezoelectric stack in the frequency range of interest (<100Hz). The capacitance of the piezoelectric stack was Cp = 780nF at the 10Hz excitation.

Fig. 12 Frequency spectrum of capacitance for the piezoelectric stack under a free condition. 

Firstly, free vibration responses were measured to determine the natural frequency and damping ratio of the flat plate interface-piezoelectric stack structure. A step function was used as an input to the shaker and the resulting output voltages are shown in Fig. 13. The damping ratio of the systems were determined as ζ = 0.05 and ζ = 0.062 using the logarithmic decrement method [38] for the two different plate thickness of h = 0.2mm and 0.5mm. The corresponding fundamental natural frequencies are determined as fn = 184Hz and fn = 728Hz respectively, which are close to the theoretical predicted value fn = 187Hz and fn = 740Hz using with E = 190GPa and ν = 0.29 for stainless steel.
 
                  (a)                               (b)
 
                (c)                               (d)
Fig. 13 Measured output voltage in free vibration responses (a) time series, plate thickness h = 0.2mm (b) the corresponding spectrum, plate thickness h = 0.2mm (c) time series, plate thickness h = 0.5mm (d) the corresponding spectrum, plate thickness h = 0.5mm.

Then, the resistance sweep tests were conducted under harmonic excitation with fixed amplitude and frequency of f = 10Hz. The obtained voltage output and power output relationships with external resistance are compared with theoretical predictions to further verify the analytical model. Fig. 14 shows examples of the typical measured piezoelectric voltage and piezoelectric strain in time series with an external resistance Rr = 1000Ω. 
 
                (a)                               (b)
Fig. 14 Time series of the measured (a) voltage and (b) strain with an external resistance Rr = 1000Ω.

Fig. 15 shows the measured voltage and power output as functions of external resistive loads, where the power is calculated using for the two different thin plates. All other parameters were kept the same, except for a change in the plate thickness. The predicted output voltage and power from the model are also shown in Fig. 15, where the theoretical non-dimensional voltage can be calculated using Eqs. (30), (38), (37) and the dimensional voltage values can be obtained by noting the relationship between dimensional voltage and non-dimensional voltage as 
                          (56)
where Vap is the non-dimensional voltage amplitude, V is the dimensional voltage amplitude, k1 is the linear stiffness with .The force applied on the piezoelectric stack can be calculated using the measured strain, whose peak values are determined as F = 0.36N and F = 2.02N for the two different plates with thickness h = 0.2mm and h = 0.5mm, respectively. It can be observed that there is good agreement with the theoretical predictions and the experimental measurements for the two plates. The peak voltage increases as the resistive load increases and gradually turns to a stable level, while the power output reaches its peak at Rr = 20.4kΩ, which agrees with the optimal resistance matching with the internal impedance calculated from the formula Rr ~ [31, 39]; Rr = 20.4 kΩ at 10Hz and Cp = 780 nF (from Fig. 12). The system with the h = 0.5mm plate outputs almost double the power than the system with the h = 0.2mm plate, where the thicker plate is stiffer and the system nonlinearity is weaker and more compression strain is generated in the piezoelectric stack and the output voltage and power is higher. 

The theoretical predicted voltage-resistance curves shown in Fig. 15 are obtained from the parameters of natural frequency, damping ratio and vibration amplitude of the system, as well as the applied force on the piezoelectric stack. The natural frequency, damping ratio and applied force on the stack were measured through the experimental setup and then substituted into the model to predict the voltage and power. The comparison of model and experimental results show that these involved parameters accurately predicted and verify the accuracy of the developed model.
 
                 (a)                               (b)   
Fig. 15 (a) Amplitude of the voltage output and (b) power output of the system as a function of external resistance under the harmonic excitation with a frequency of 10 Hz for both modelling and experimental results.

Table 1 shows a comparison of the harvested energy in this work with the reported data in the literature. The output power of the studied system is in the level of tens of μW and the level of power experimentally extracted was also in the level of tens of μW for hydraulic pressure harvesters with two different types of fluid to mechanical interfaces as a flat metal plate and a conventional hydraulic piston [24]. The compression strain of the piezoelectric stack can be significantly increased and there is potential for the output power to be increased through the optimization of geometry and piezoelectric material of HPEH devices. For example, larger piezoelectric stacks, higher excitation frequencies and larger peak forces have been reported in previous studies [39, 40]; this can be seen in Table 1 where frequencies up to 700Hz have been considered and peak forces up to 100N applied to longer stacks. In hydraulic systems, the amplitude of pressure ripple can reach up to 3.5MPa (35bar) [14, 15]. 

Table 1 The harvested energy in the present study and the reported data in literatures for piezoelectric stack.









The pressure ripple considered in this work is restricted to the harmonic force, taking the advantage of the periodic nature of pressure ripple from a deterministic source in hydraulic systems, e.g. from a pump operating at a specific frequency. Nevertheless, for locations further away from the pump, or where other components are present, the pressure ripples can be broadband in nature or contain random disturbances. The output performances of the HPEH device under broadband or random excitations is a future work for wider benefits during operation. In addition, the current experimental measurements are designed with different thickness of plate whilst the other parameters are kept constant. The performance of the HPEH with other different conditions of varying excitation frequency or force amplitude or piezoelectric materials can be also the future work. Moreover, improvements in the design of the HPEH device can act to improve the energy conversion efficiency of device with a fluid to mechanical interface associated with a circular plate-piezoelectric stack. This may include the development of new piezoelectric materials that can bear high compression forces, or the creation of new interface configurations by exploring structural benefits.

5. Conclusions
In this paper a new generalized model has been developed for the output electrical energy and energy conversion efficiency of a hydraulic piezoelectric energy harvester based on a flat plate interface with a centered piezoelectric stack. The force-deflection relationship of the electromechanical coupling system has been determined to be a cubic hardening Duffing equation. The reaction force between the piezoelectric stack and the housing has been obtained and is proportional to the pressure force applied on the plate. A lumped-parameter SDOF model of the electromechanical coupling system has been established and the nonlinear frequency responses resulting from the hardening nonlinearity have been presented. It is observed that as the level of system nonlinearity increases, due to a larger force, or a thinner or larger diameter interface plate, the output energy decreases while the bandwidth increases. This has also been illustrated in the experimental results that the decrease in plate thickness by 2.5 reduces the output power by almost 50%. A thin interface can, however , be used to introduce a stronger nonlinearity to increase the bandwidth to accommodate to the multiple frequency components and to improve the overall energy harvesting performance. Expressions of the energy conversion efficiency of the flat plate interface-piezoelectric stack electromechanical coupling system have also been derived. It has been shown that both the input and output energy exhibit a quadratic nonlinear relationship with the vibration amplitude and the maximum output electrical energy occurs at the jump-down frequency, which exhibits the maximum amplitude. The output power of the studied system has potential to be increased from tens of μW to tens of mW through by optimizing the of geometry of HPEH device and appropriate selection of the piezoelectric material. It has also been demonstrated that the resistance load for maximum output energy and the optimal energy efficiency are the same and exhibits the value of non-dimensional excitation frequency. Good agreement is observed with experimental measurements of output voltage and power, providing confidence in the model. This modelling approach provides new insights into optimization of geometry and piezoelectric material of HPEH devices to harvest pressure fluctuations in hydraulic systems for powering low power electronics. 
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As	area of the piezoelectric stack, m2
Cp	piezoelectric internal capacitance, F
cd	damping, N.s/m
D	bending stiffness of the circular plate, N/m
E	Young’s Modulus of the plate, GPa
Es	Young’s Modulus of the piezoelectric stack, GPa
F	amplitude of force on the plate, N
Fr	reaction force on the piezoelectric stack from the upper housing, N
Fr	normal force between the piezoelectric stack and the plate, N
f(z)	elastic restoring force of the system, N
fn	natural frequency of the experimental system, Hz
h	thickness of the circular plate, m
hs	height of the piezoelectric stack, m




Pin	input power into the system, W
Pm	amplitude of the pressure, Pa
Pout	power consumed by the external resistor, W
Qr	shear force at position r of the plate, N




Uin	non-dimensional input energy per cycle
Uo	non-dimensional output energy per cycle
Uom	maximum output electrical energy per cycle at jump-down frequency
V	output voltage, V
Vap	amplitude of non-dimensional voltage
v	non-dimensional output voltage
Win	input mechanical energy per cycle into the system, J
Wout	output electrical energy per cycle, J
w1	deflection due to the concentrated center force, m
w2	deflection due to the uniform distribution force, m
wpm	maximum defelction at the center of the plate, m
Y	amplitude of non-dimensional displacement
Yd	amplitude at jump down frequency
y	non-dimensional vertical displacement
z	vertical deflection at the center of the plate, m
α	degree of nonlinearity
β	non-dimensional load resistance
βm	optimal load resistance for maximum output electrical energy





ν	Poisson’s ratio of the plate
Ω	non-dimensional excitation frequency
Ωd	jump down frequency
Ωu	jump up frequency 
ωn	natural frequency of the system, rad/s
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